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Abstract
The results in this paper are based on a previously constructed exhaustion of a locally symmetric space V = Γ \X
by Riemannian polyhedra, i.e., compact submanifolds with corners: V =⋃s0 V (s). We show that the interior of
every polyhedron V (s) is homeomorphic to V . The universal covering space X(s) of V (s) is quasi-isometric to the
discrete group Γ . It can be written as the complement of a Γ -invariant union of horoballs in X (which in general
have intersections giving rise to the corners). This yields exponential isoperimetric inequalities for Γ ∼= π1(V (s)).
We also discuss the relation of this compactification of V with the Borel–Serre compactification.
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Introduction
Let X be a Riemannian symmetric space of noncompact type and rank at least two and let Γ be a non-
uniform, torsion-free lattice in the group of isometries of X. If we make the additional assumption that
the lattice Γ is irreducible, then by a deep theorem of G.A. Margulis Γ is arithmetic. This roughly means
that there is a semisimple algebraic group G ⊂ GL(n,C) defined over Q such that Γ is commensurable
with G(Z) = G ∩ GL(n,Z) (see [33, Chapter 6]). The group of real points G(R) = G ∩ GL(n,R) acts
transitively and isometrically on X. The locally symmetric quotient V = Γ \X has finite volume but it
is not compact and thus has ends. Our goal in this paper is to give an explicit differential geometric
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symmetric spaces primarily as important examples of Riemannian manifolds of nonpositive curvature.
Consequently we interpret algebraic objects geometrically whenever this seems appropriate. Hopefully
such an approach will make the results more accessible to geometers. The present work continues and
complements [22], where I constructed an exhaustion of the locally symmetric space V by Riemannian
polyhedra, i.e., compact submanifolds with corners. Some of the results described here also are treated
from a somewhat different more algebraic viewpoint in independent recent work of L. Saper (see [29]).
In order to study the geometry and topology of arithmetic quotients V = Γ \X numerous compacti-
fications were introduced starting with work of C.L. Siegel and I. Satake (see for instance [6,7,29–31]).
A common feature of all these compactifications is that one enlarges the given space by adjoining suitable
ideal limit points “at infinity”. This is in contrast to the approach described here where a compactification
is obtained by deleting a certain open “neighbourhood of infinity”. A different such construction using
semistability is due to D.R. Grayson (see [14]).
In the universal covering space X of V the removed neighbourhood, say U(s), is a union of countably
many open horoballs of X (Theorem 3.6). These horoballs are in one-to-one correspondence with the
vertices of the Tits building T of G over Q (see Section 2). If s1 < s2 then U(s2) ⊂ U(s1) and the subsets
X(s) = X − U(s), s  0, exhaust X. The deleted horoballs are disjoint if and only if Γ is an arithmetic
subgroup of a semisimple algebraic group G of Q-rank one (for a geometric interpretation of the Q-rank
see [24]). In that case V (s) is obtained from V by “truncating the cusps” and is a compact manifold with
boundary, which is described in the last paragraph of A. Borel’s book [3]. In the case of higher Q-rank
the horoballs of U(s) intersect and give rise to corners. By construction, each X(s) ⊂ X is Γ -invariant
and the corresponding quotient space V (s) = Γ \X(s) is a compact submanifold of V with corners.
An essential ingredient in the construction of the exhausting polyhedra V (s) in [22] is the reduction
theory of arithmetic groups, which produces coarse fundamental domains for Γ and is due to A. Borel
and Harish-Chandra. Those of its basic results which we will need are summarized in Section 1. The
construction of the exhaustion is briefly outlined in Section 2.
In Section 3 we prove Theorem 3.6 mentioned above using estimates of certain Busemann functions
on X, which yield informations about geodesic rays in V . Technically, these Busemann functions are
expressed in terms of characters of so-called strongly rational representations of the group G. The
involved formulae may be of independent interest. The results are also used in Section 5 to study some
topological properties of the polyhedra V (s). We first prove that each V (s) is a strong deformation
retract of V (Theorem 5.2). Equivalent such retractions are constructed in [29] by other means (our
Theorems 3.6 and 4.1 seem to be implicit there as well). Each retraction rs :V → V (s) has a Γ -invariant
lift rˆs :X → X(s). This shows that every “core” X(s) is contractible (X is contractible as a simply
connected Riemannian manifold of nonpositive curvature). As a consequence the (torsion-free) lattice
Γ is isomorphic to the fundamental group of V (s). Furthermore we show that the locally symmetric
space V is homeomorphic to the interior of the polyhedron V (s) (for any s), which thus yields a
compactification of V (Theorem 5.5). It is likely that this compactification is isomorphic to the Borel–
Serre compactification of V .
The submanifold with corners X(s) of X endowed with the path metric given by the Riemannian
metric induced from X is a geodesic space. The above compactness results then imply that X(s) is quasi-
isometric to the discrete group Γ equipped with a left-invariant word metric (Theorem 5.3). The space
X(s) may thus serve as a geometric substitute for Γ , both to find and to study quasi-isometry invariants
of this discrete, finitely presentable group. As an illustration of this we prove a result announced by
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isoperimetric inequalities in all dimensions (Corollary 5.4).
In Section 4 we investigate the fine structure of the boundary strata of V (s). This is used in Section 6 to
discuss the asymptotic behaviour of the polyhedra V (s) if the parameter s goes to infinity. We describe the
Gromov–Hausdorff limits of the boundary strata of the polyhedra V (s), for s going to infinity. It is likely
that Gromov–Hausdoff limit of V (s) itself is isomorphic to the reductive Borel–Serre compactification
of V .
Each boundary stratum of V (s) is a fibre bundle over a “truncated” locally symmetric space with
a compact nilmanifold as fibre (Theorem 4.1). If s goes to infinity these fibres collapse to points.
Incidentally, we thus obtain an explicit description for locally symmetric spaces of the “collapsing at
infinity” in the sense of Cheeger, Fukaya and Gromov (see [10]).
1. Reduction theory for arithmetic groups
Let G denote the identity component of the group of isometries of the symmetric space X; it is a
connected, semisimple Lie group with trivial center. We make two natural assumptions about the non-
uniform lattice Γ in G. Firstly, we assume that Γ is irreducible (see [28, 5.20]) and, secondly, that it is
neat and hence in particular torsion-free (see [3, §17]). Then, by the arithmeticity theorem of Margulis,
there is a connected semisimple linear algebraic Q-group G, Q-embedded in a general linear group
GL(n,C), and a Lie group isomorphism
ρ :G → G(R)0 = (G ∩ GL(n,R))0
such that ρ(Γ ) is arithmetic, i.e.,
ρ(Γ ) ⊂ G(Q)= G ∩ GL(n,Q)⊂ GL(n,C)
is commensurable with the group G(Z) = G ∩ GL(n,Z) (see [33, 3.1.6 and 6.1.10]). Note that the
symmetric space X can be recovered as the manifold of maximal compact subgroups of the identity
component of the group G(R) of R-rational points of G. For simplicity we identify G with G(R)0 and Γ
with ρ(Γ ). In order to study the locally symmetric space V = Γ \X we use a coarse fundamental domain
for the arithmetic group Γ . A subset Ω ⊂ X is called a fundamental set for an arithmetic group Γ if the
following two conditions are satisfied
(i) X = Γ ·Ω ;
(ii) for every q ∈ G(Q) the set {γ ∈ Γ | qΩ ∩ γΩ = ∅} is finite.
Notice that if π :X → V = Γ \X is the canonical projection, we have V = π(Ω). The existence of
fundamental sets is guaranteed by the reduction theory for arithmetic groups of A. Borel and Harish-
Chandra. In order to describe it we need several facts about linear algebraic groups, which we interpret
geometrically; we also fix notations.
Let S (respectively T) be a maximal Q-split (respectively a maximal R-split) algebraic torus of G,
i.e., a subgroup of G which is isomorphic over Q (respectively R) to the direct product of q (respectively
r  q) copies of C∗. All such tori are conjugate under G(Q) (respectively G(R)) and their common
dimension q (respectively r) is called the Q-rank (respectively R-rank) of G. The identity component
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by a (respectively by a0). The R-rank of G coincides with the rank of the symmetric space X, i.e., the
maximal dimension of totally geodesic flat subspaces in X. Choosing a maximal compact subgroup K of
G is equivalent to choosing a base point x0 of X. We can choose K with Lie algebra k so that under the
corresponding Cartan decomposition g = k ⊕ p of the Lie algebra g of G we have a ⊆ a0 ⊂ p ∼= Tx0X.
Here a0 is maximal abelian in p, i.e., the tangent space at x0 of the (maximal R-) flat A0 · x0 in X. The
pair of Lie algebras (g,a0) gives rise to the root system RΦ of the symmetric space. Similarly there is a
system of Q-roots QΦ associated to the pair (g,a) (see [5, §21]). It is always possible to choose orderings
of QΦ and RΦ such that the restrictions of simple R-roots of RΦ to a are either simple Q-roots of QΦ,
i.e., the elements of a basis  = Q of QΦ, or zero (see [8, 6.8]). The basis R defines a closed R-Weyl
chamber a+0 in a0 and  then determines a closed Q-Weyl chamber
a+ := {H ∈ a | α(H) 0, for all α ∈ }⊂ a.
We set A+ = expa+ (respectively A+0 = expa+0 ). A Q-Weyl chamber in X is a translate of the basic
chamber A+ ·x0 ⊆A+0 ·x0 under G(Q). The elements of  are differentials of characters (defined over Q)
of the maximal Q-split torus S. It is convenient to identify the elements of  also with such characters.
When restricted to A we denote their values by α(a) (a ∈ A,α ∈ ). Notice that A+ = {a ∈ A | α(a) 1
for all α ∈ }.
A closed subgroup P of G defined over Q is a parabolic Q-subgroup if G/P is a projective variety
(see [5, §11]). A parabolic Q-subgroup P of G = G(R)0 is by definition the intersection of G with
a parabolic Q-subgroup of G (see [7]). The conjugacy classes under G(Q) of parabolic Q-subgroups
are in one-to-one correspondence with the subsets Θ of the (chosen) set  of simple Q-roots; they
are represented by the standard parabolic Q-subgroups PΘ of G (see [5, 21.11]). The corresponding
standard parabolic Q-subgroups of G are denoted by PΘ . Let P be set of all parabolic subgroups of
G defined over Q. For every P ∈ P the corresponding parabolic Q-subgroup P = G ∩ P of G has a
Langlands-decomposition P = UPMPAP, where UP is unipotent and MP is reductive. Furthermore AP
centralizes MP and normalizes UP (see [7] and [3]). This yields a (generalized) Iwasawa decomposition
for G, i.e., G = PK = UPMPAPK , which in turn implies that P acts transitively on the symmetric
space X. The intersection of the maximal compact subgroup K of G with MP is maximal compact in
MP and the quotient ZP = MP/(K ∩ MP) is in general the Riemannian product of a symmetric space
of noncompact type by a flat Euclidean space. Let τP :MP → ZP be the natural projection. Then the
horocyclic coordinate map
µP :YP =UP ×ZP ×AP → X;
(
u, τP(m), a
) → uma · x0
is an isomorphism of analytic manifolds (see [7]). Let P be the minimal parabolic Q-subgroup of G
which corresponds to the Q-Weyl chamber A+x0. A generalized Siegel set in X (relative to A+x0) is of
the form
S ≡ Sω,τ := ωAτx0 ⊂X
where ω is a relatively compact in UPMP and, for τ > 0, Aτ = {a ∈ A = AP | α(a) τ, α ∈ }. If we
define a0 ∈ A by α(a0) = τ for all α ∈ , then Aτ = A1a0 = A+a0 and C = Aτx0 ⊂ S is a (translate
of a) Q-Weyl chamber in X. Siegel sets provide the building blocks for fundamental sets for arithmetic
groups. We can now summarize those results from reduction theory which we will need below (see [3,
§§13 and 15] for the proofs):
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associated Riemannian symmetric space X =G/K . Let P be a minimal parabolic Q-subgroup of G and
let Γ be an arithmetic subgroup of G(Q). Let {qi | 1  i  m} be a (fixed) set of representatives of
the finite set of double cosets Γ \G(Q)/P(Q). Then there exists a generalized Siegel set S = Sω,τ (with
respect to A+ · x0) such that the union
Ω =
m⋃
i=1
qi · S
is a fundamental set (of finite volume) for Γ in X.
2. An exhaustion of locally symmetric spaces
In this section we briefly describe the exhaustion of a locally symmetric space V = Γ \X by
Riemannian polyhedra which was previously constructed in [22]. The reader is invited to consult that
paper for the details.
As a Riemannian manifold of nonpositive curvature the symmetric space X has a natural boundary at
infinity ∂∞X which is defined as the set of equivalence classes of asymptotic geodesic rays in X (see [2]).
If a geodesic ray c represents a point z ∈ ∂∞X we also write c(∞) = z. In the same way the boundary
at infinity ∂∞V of the locally symmetric space V = Γ \X is defined as the set of equivalence classes of
asymptotic geodesic rays in V . If Γ is an arithmetic lattice in a group G of Q-rank 1, then it is known
that the boundary ∂∞V of the associated locally symmetric space consists of m points (corresponding to
the cusps), where m is as in Proposition 1.1 (see [3, §17]). If the Q-rank is greater than or equal to 2 it
turns out that ∂∞V is isomorphic to a finite simplicial complex Γ \|T | which is a geometric realization
of the (spherical) Tits-building T of G modulo Γ . We are now going to describe this in more detail.
Let us first recall the definition of T (see [32, 5.2]). Let Pm be the set of all maximal parabolic Q-
subgroups of G (and = G) (see Section 1). The Tits building T associated to G over Q is the simplicial
complex whose set of vertices is Pm, and whose simplices are the non-empty subsets I of Pm such that
PI =⋂P∈I P is a parabolic Q-subgroup of G. We are going to give a geometric realization of T which
will be convenient for later purposes. The idea is to view the various parabolic groups as isotropy groups
of Q-Weyl chambers and their walls at infinity (see [22, Lemma 1.2]). More precisely, we define a closed
Q-Weyl chamber at infinity as
A+x0(∞) :=
{
cH (∞) | cH (t) = exp tH · x0, H ∈ a+, ‖H‖ = 1
}
.
Any other Q-Weyl chamber at infinity is of the form g · A+x0(∞) with g ∈ G(Q). The geometric
realization |T | of T = T (G) is then defined as the set of all Q-Weyl chambers and their walls in ∂∞X
partially ordered with the order relation “wall of”.
The discrete, arithmetic group Γ acts on |T |. We next describe the resulting quotient Γ \|T |, which
is a finite simplicial complex. Recall from Section 1 that the conjugacy classes of elements of P are
in one-to-one correspondence with the subsets Θ of the set Q of simple Q-roots. Every conjugacy
class has a standard representative denoted by PΘ . One can show that, for all Θ , the set of double
cosets Γ \G(Q)/PΘ(Q) is finite (see [3, 15.6]). Let  = [e1, . . . , eq] ⊂ Rq denote a standard geometric
q − 1 simplex (q = Q-rank of G). If the set of simple roots Q is given by {α1, . . . , αq} and if
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P−{αi }; moreover P−{αi} ∩ P−{αk} = P−{αi ,αk}. The minimal parabolic Q-subgroup P = P∅ of G
corresponds to the entire simplex [e1, . . . , eq]. Let the set Γ \G(Q)/P(Q) be represented by {q1, . . . , qm}
(see Proposition 1.1) and take m copies j = [ej1, . . . , ejq] of  with faces j (Θ) corresponding to Θ .
The homeomorphisms   j are denoted by ϕj . From the simplices 1, . . . ,m we construct the
simplicial complex Γ \|T |, which provides a geometric realization of the quotient of the Tits building
|T | modulo Γ , through the following incidence relations:
Two simplices j and l are pasted together along the faces j (Θ) and l(Θ) by the homeomor-
phism ϕj ◦ ϕ−1l |l (Θ) if and only if Γ qjPΘ(Q)= Γ qlPΘ(Q).
Notice that the simplicial complex |T | and hence also Γ \|T | is connected if the Q-rank q is greater
than or equal to two. In [21] I proved that for each point of Γ \|T | there is an equivalence class of
asymptotic geodesic rays in V , i.e., Γ \|T | ⊆ ∂∞V (see also [17] and [18]). L. Ji and R. MacPherson
then in addition showed that are no other equivalence classes of geodesic rays in V ; they obtained the
following combinatorial description of the boundary of V (see [20]).
Proposition 2.1 (Ji, MacPherson). The equivalence classes of asymptotic geodesic rays in the locally
symmetric space V = Γ \X correspond bijectively to the points of Γ \|T |, i.e., ∂∞V ∼= Γ \|T |.
Remark 1. It is well-known that the R-rank of G is equal to the rank of the symmetric space X = G/K ,
i.e., the maximal possible dimension of totally geodesic flat subspaces of X. One can show that the
“asymptotic cone” Cone(V ) of the locally symmetric space V = Γ \X is isometric to a Euclidean cone
C(Γ \|T |) over the finite simplicial complex Γ \|T | (see [17,18,24]). The Q-rank of G can then be
interpreted geometrically as the dimension of C(Γ \|T |). Moreover the asymptotic cone of V reduces to
a point (and has dimension zero) if and only if V is compact. This geometrically reflects an old result of
Borel and Harish-Chandra asserting that V is compact if and only if G has Q-rank zero (see [3]).
To a geodesic ray c : [0,∞) → X (parametrized by arc-length) which represents a point z in the ideal
boundary ∂∞X of X is associated a Busemann function on X at z given by
hz :X → R; hz(x) = lim
t→∞
[
d(x, c(t)) − t].
Note that hz(c(0)) = 0. The level sets of a Busemann function hz are horospheres centered at z; they
foliate the symmetric space. The sublevel sets of hz are horoballs in X (centered a z).
We are now prepared to describe the exhaustion of the locally symmetric space V = Γ \X constructed
in [22]. The idea is to work with a fundamental set. In fact, one has V = π(Ω) for a fundamental set Ω
for Γ relative to the Q-Weyl chamber A+x0 = expa+ · x0 (see Proposition 1.1). We recall that an exact
fundamental domain has the property that only boundary points are identified. A fundamental set Ω ,
however, has possibly also interior points which are identified under the action of the lattice Γ . But still
there is only a finite set of isometries γ ∈ Γ with γΩ ∩Ω = ∅. To investigate the geometry of the ends
it then suffices to look at the (finite) set D of those γ for which this intersection is not relatively compact
in X (all other intersections are contained in some compact subset of Ω). We index the “edges” of the
Weyl chamber a+ (or equivalently of A+x0) by simple Q-roots. More precisely, the edges of A+x0 are
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cα(t) = exp(tHα) · x0
where Hα ∈ a+, ‖Hα‖ = 1 and β(Hα) = 0 for β = α (α,β ∈ ). We further write ckα for the edges qka0cα
of the chambers qkC in the fundamental set Ω (for the notation see Section 1). We denote the Busemann
functions corresponding to the rays ckα by hkα . Notice that the points ckα(∞) in ∂∞X correspond (finite-
to-one) to vertices of Γ \|T |.
The group G acts naturally on ∂∞X through g · c(∞) = (g · c)(∞). For every α ∈  the isotropy
group of cα(∞) under that action coincides with the (maximal) parabolic subgroups P−{α} = G∩P−{α}
introduced above (see [22, Lemma 1.2]). It turns out that for every γ ∈D there are indices i, j such that
q−1j γ qi is parabolic, i.e., fixes at least one point in the ideal boundary ∂∞X (see [22, Proposition 2.2]).
Then for every γ ∈D there are indices i, j, α such the family of horospheres of the form h−1iα (s), s ∈ R,
is mapped isometrically to the family h−1jα (s), s ∈ R (see [22, Lemma 3.2]). These identifications reflect
the incidence relations described above in the construction of the simplicial complex Γ \|T |. The main
technical step in the construction of the exhaustion function is to renormalize the Busemann functions as
h˜iα = hiα − sij (for certain constants sij ) in such a way that each γ ∈D maps a horosphere of some given
level, say {h˜iα = s}, to another one, {h˜jα = s}, of the same level s (see [22, Lemma 3.4]). This fact makes
it possible to truncate the constituents Si := qiS of the fundamental set Ω by removing in a Γ -invariant
way the open horoballs
Biα(s) := {h˜iα < −ταs}
for certain constants τα and for s > 0 sufficiently large:
Si(s) := Si −
⋃
α∈
(Biα(s) ∩ Si).
Note that hkα(ckα(t)) tends to −∞ if the arc-length t of the geodesic ckα tends to +∞. The above
construction guarantees that the truncated fundamental set Ω(s) :=⋃mi=1 Si(s) of Ω is relatively compact
in X and invariant under the (restricted) action of Γ . The projection V (s) := π(Ω(s)) = Γ \Ω(s) is a
compact submanifold with corners, where the corners arise from intersections of the deleted horoballs.
Since such a submanifold with corners has a natural Riemannian structure induced from that of V we
call V (s) a Riemannian polyhedron. The exhaustion function h is eventually defined in such a way
that its level sets coincide with the boundaries ∂V (s). The function h lifts to a Γ -invariant function on
X whose sublevel sets X(s) exhaust X. For every s this Γ -invariant submanifold with corners X(s)
of X (with compact quotient) is called a core of X. Notice that we can also write V (s) = Γ \X(s) and
X(s) = Γ ·Ω(s) (see [22, §4]).
We summarize the result in the following proposition (see [22, Theorem 4.2]).
Proposition 2.2. Let X be a Riemannian symmetric space of noncompact type and R-rank  2 and
let Γ be an irreducible, torsion-free, non-uniform lattice in the group of isometries of X. On the
locally symmetric space V = Γ \X there exists a proper, piecewise real analytic exhaustion function
h :V → [0,∞) such that, for each s  0, the sublevel set V (s) := {h s} is a Riemannian polyhedron
in V . Moreover the level sets {h = s} = ∂V (s) consist of projections of pieces of horospheres in X.
By smoothing the corners we obtain the following old result of M.S. Raghunathan (see [27]).
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a smooth compact manifold with boundary.
Proof. Fix s  0. The polyhedron V (s) is a sublevel set of the piecewise real analytic function h locally
given by a finite number of Busemann functions (see Proposition 2.2 and [22, §4]). The gradient of a
Busemann function has norm 1 (see [2, §I.3]). Hence we have ‖grad τ−1α h˜iα‖ = τ−1α . The explicit (local)
formula for h as stated in [22, §4] shows that one can smooth h such that the smoothed function h˜ on V
satisfies ‖grad h˜‖  κ > 0 outside a compact subset. In particular the proper function h˜ has no critical
points outside a compact set and the associated gradient-flow provides a smooth retraction of V onto
{h˜ s}. The corollary now follows from elementary Morse theory. 
In some sense this result will be refined in Section 5, where we shall show that V is homeomorphic to
the interior of V (s) for any s (see Theorem 5.5).
3. Busemann functions and a Γ -invariant core
In Section 5 we shall see that the Γ -invariant core X(s) = Γ · Ω(s) is contractible and hence in
particular the universal covering space of V (s) = Γ \X(s). In the present section we show that X(s) can
be written as the complement in X of a union of open horoballs (if s is sufficiently large). To that aim we
explicitly compute Busemann functions using the weights of certain (rational) representations of G.
Let P be a minimal parabolic Q-subgroup of G. For simplicity we write U , M and A for UP, MP and
AP respectively (see Section 1). Then G = UAMK and writing g ∈ G accordingly as g = uamk the
component a(g) := a ∈ A is unique (see [7, Proposition 1.5]).
Remark 2. In [3] and [4] the convention is that G acts on the right while in the present paper G acts
on the left. If we write G = KMAU and g−1 = k−1m−1a−1u−1 = k′m′a′u′ then a′(g−1) = a(g)−1. The
formulae in [3] and [4] should then be adapted accordingly (i.e., one has to replace a ∈ A by a−1).
For every simple root α ∈  = Q there exists a (non-unique) so-called strongly rational
representation (πα,Vα) of G whose highest weight λα is orthogonal to  − {α} (see [8, §12]). On
the representation space Vα,R of πα there is an inner product which is invariant with respect to K and
the Weyl group QW and with respect to which A is represented by self-adjoint operators. It is also
known that there is a unit vector e0 in Vα,R such that, for all h ∈ MU , πα(h) · e0 = ±e0. Hence we have
‖πα(g−1) · e0‖ = λα(a−1) (see also the above remark). One can further show that for every u in the
unipotent radical U− of the group P−, opposed to P and containing the centralizer Z(S(R)) of S(R),
one has ‖πα(u) · λe0‖ |λ| (for λ ∈ R) (see [3, §9]).
We shall need the crucial geometric property that every orbit of the arithmetic group Γ avoids certain
horoballs in X. As a preparation we prove an explicit formula for the Busemann function hα associated
to the ray cα(t) = exp(tHα) ·x0, α ∈  (see Section 2). Notice that by the defining formula for Busemann
functions hα(x0) = hα(cα(0)) = 0.
Lemma 3.1. Let α ∈ . Then there is a constant κα > 0 such that the Busemann function hα is given by
hα(g · x0)= 1 logλα
(
a(g)−1
)= 1 log∥∥πα(g−1) · e0∥∥.
κα κα
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logλα(a) = dλα(loga) = κα〈Hα, loga〉.
On the other hand the Busemann function hα restricted to the flat A · x0 is (up to an additive constant)
given by
hα(a · x0) = −〈Hα, loga〉
(the unit vector Hα was defined in Section 2; it lies on a edge of the Q-Weyl chamber a+). Since hα is
invariant under the action of UM (see [22, Lemma 1.3]) we conclude that for g = umak
hα(g · x0)= hα(uma · x0) = hα(a · x0) = −〈Hα, loga〉
= − 1
κα
log
(
λα(a)
)= 1
κα
logλα(a−1) = 1
κα
log
∥∥πα(g−1) · e0∥∥.
Since a = a(g) the claim follows. 
The (rational) Weyl group QW naturally operates on the weights of πα . Writing characters additively
we have w · λα = λα −∑β∈mββ where the mα are non-negative integers (see [8, §12]).
Lemma 3.2. Let α ∈  and let w be an element of the Weyl group QW . If w ·λα = λα −∑β∈mββ = λα
then mα  1.
Proof. (See also [8, 12.16].) Assume that mα = 0 then w · λα = λα + v where v = 0 is orthogonal to λα
(see the definition of πα). Since the inner product on a∗ can be chosen to be invariant under the action of
the Weyl group QW we get
‖λα‖2 = ‖w · λα‖2 = ‖λα‖2 + ‖v‖2 > ‖λα‖2,
which is a contradiction. 
We next recall an important property of arithmetic groups which is related to the Bruhat decomposition
of G(Q) (see [3, §11] or [5, §21] for details).
Lemma 3.3 (Borel). Let F = {qi | 1 i m} be a (fixed) set of representatives of the finite set of double
cosets Γ \G(Q)/P(Q) (as in Proposition 1.1). Let E be the set of all elements in G(Q) of the form q−1i γ qj
with qi, qj ∈F and γ ∈ Γ . According to the Bruhat decomposition of G(Q) we write h ∈ E as
h= uwtmv with u ∈ Uw, w ∈ N(S)(Q), t = t (h) ∈ S, m ∈ M, and v ∈ U.
Then there is a constant η such that λα(t (h)) eη for all α ∈  and all h ∈ E .
Proof. (Sketch) The elements q−1i γ qj = uwtmv ∈ E ⊂ G(Q) can be realized by matrices whose entries
are rational numbers with bounded denominators (see [3, 7.13]). As in the proof of Corollary 15.3 in [3]
one then shows that λα(t) eη for some uniform constant η. 
Recall from Section 2 that a fundamental set in X for the arithmetic group Γ is given as the
union of translates of Siegel sets Ω = ⋃mj=1 qjS . Similarly we defined the truncated fundamental
set Ω(s) =⋃mj=1 Sj (s). For i ∈ {1, . . . ,m} and α ∈  we further denoted by h˜iα the (renormalized)
Busemann function associated to the geodesic ray ciα (see also [22, §3]).
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If x ∈ Sj (s) ⊂ Ω(s) then for all i ∈ {1, . . . ,m} and for all α ∈ 
h˜iα(γ x)−ταs for all γ ∈ Γ.
The top dimensional boundary faces of Si (s) in qiS are subsets of horospheres (see [22, §4]):
Hiα(s) := {τ−1α h˜iα = −s} ∩ Si (s), α ∈ .
Corollary 3.5. Let π :X → V = Γ \X be the canonical projection. Assume that s  s∗ (with s∗ as in
Proposition 3.4).
(i) If x is in Ω(s), then γ x is in X −⋃mi=1⋃α∈Biα(s).
(ii) Assume that x = qjumax0 ∈Hjα(s) for α ∈ , then the geodesic ray
c(t) = qjuma exp(tHα)x0
in X with c(0) = x is mapped to a geodesic ray π(c(t)) in V .
(iii) Assume that x = qjumax0 ∈⋂α∈ΘHjα(s). Then every geodesic ray
c(t) = qjuma exp(tH)x0
in X with c(0) = x and H =∑α∈Θ aαHα , ‖H‖ = 1, aα  0, α ∈ Θ , is mapped to a geodesic ray
π(c(t)) in V .
Proof of Corollary 3.5. (i) is a direct consequence of Proposition 3.4 and of the definition Biα(s) :=
{h˜iα < −ταs}. In order to prove (ii) we consider the Busemann function h :X → R associated to the ray
c(t) in X. It is given by h(p) = h˜jα(p) − h˜jα(c(0)), p ∈ X. The assumption that x = c(0) ∈ Ω(s) and
Proposition 3.4 then imply that for all γ ∈ Γ
h
(
γ c(0)
)= h˜jα(γ c(0))− h˜jα(c(0)) 0.
The claim now follows from the fact that π(c(t)) is a ray in V if and only if h(γ c(0))  0 (see [21,
Lemma 3]). For (iii) note that, by the arguments in the proof of Lemma 3.1, the Busemann function
associated to c is given by
h=
∑
α∈Θ
aα
(
h˜jα − h˜jα
(
c(0)
))
.
Using (ii) above and aα  0 for all α ∈ Θ we conclude that h(γ c(0)) 0 for all γ ∈ Γ , which, again by
[21, Lemma 3], proves (iii). 
Proof of Proposition 3.4. (Compare also the proofs of Theorem 2.3 in [4] and of Theorem 1 in [21].)
Let x = qjumax0 ∈ Sj (s). By definition we have
h˜jα(qjumax0) = hjα(qjumax0)− sjl = hα(umax0)− sjl
for certain renormalizing constant sjl (see Section 2 and [22, §3]). By Lemma 3.1 the assumption is
equivalent to
(1)1 logλα(a−1)− sjl −ταs.
κα
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h˜iα(γ x) = hiα(γ x)− sik = hα(q−1i γ qjumax0)− sik.
If we set g := q−1i γ qjuma, then again by Lemma 3.1
(2)h˜iα(γ x) = 1
κα
log
∥∥πα(g−1) · e0∥∥− sik.
According to the Bruhat decomposition of G(Q) (see [3, §11] or [5, §21]) we can write
q−1j γ
−1qi = u˜wtm˜v˜ with u˜ ∈ Uw, w ∈ N(S)(Q), t ∈ S, m˜ ∈ M, and v˜ ∈ U.
(The chosen representatives w of the elements of the Q-Weyl group will be fixed in the following
calculations.) From the well-known properties of the various factors in the Bruhat decomposition (see
[3, §11.6]) it follows that g−1 = u′a−1wtm′v′ with u′ ∈ Uw,m′ ∈ M,v′ ∈ U and the same t and w as
before. We rewrite this as
g−1 = ww−1u′a−1wtm′v′ = w(w−1u′w)(w−1a−1w)tm′v′.
Since w is in K and w−1u′w is in U− the above mentioned properties of the representation πα imply that
(3)∥∥πα(g−1) · e0∥∥= ∥∥πα((w−1u′w)(w−1a−1w)t) · e0∥∥ λα(w−1a−1w)λα(t).
There are two possibilities in (3): case 1: w · λα = λα and case 2: w · λα = λα .
Case 1 means that w is contained in the maximal Q-parabolic subgroup P−{α} of G. Hence also
q−1i γ qj ∈ P−{α} and from Lemma 3.4 in [22] we obtain that h˜iα(γ x) = h˜jα(x) which proves the
proposition in case 1.
We are left with case 2 where w · λα = λα . According to [8, §12] we write
λα(w
−1a−1w)= w · λα(a−1) = λα(a−1)
∏
β∈
β(a)mβ .
Lemma 3.2 implies that mα  1. By definition of the Siegel set S (see Section 2) we have a ∈ a0A+ and
β(a) τ for all β ∈ . Hence
(w · λα)(a−1) λα(a−1)α(a)mαd
where d :=∏β∈Q−{α} β(a)mβ . Inserting this in (2) and (3) and using Lemma 3.3 we get the intermediate
estimate
h˜iα(γ x)
1
κα
log
[
λα(a
−1)α(a)mαλα(t)d
]− sik
(4) 1
κα
[
logλα(a−1)+ logα(a)mα + η + logd
]− sik.
By (1) there is an upper bound
logλα(a) κα(ταs − sjl)=: C(s).
Let D be a positive constant (to be specified later). Again we distinguish two cases:
(i) logλα(a) C(s)−D;
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In case (i) inequality (4) together with the fact that α(a) τ (compare the definition of the Siegel set S)
yields
h˜iα(γ x)−ταs + 1
κα
[D + log τmα + η + logd] − sik + sjl .
Hence, choosing D sufficiently large we find h˜iα(γ x)−ταs in case (i).
Having fixed a sufficiently large D we consider case (ii). The assumption that x = qjumax0 ∈ Sj (s)
implies that, for every β ∈ , λβ(a) is bounded from above (by a function which is linear in s). Since,
by (ii), λα(a) is in addition bounded from below this is also the case for α(a). In fact, the proof of
Lemma 3.5 in [22] shows that there is a monotonously increasing function of s, say R = R(s), such that
condition (ii) implies that logα(a) R(s). If we insert this in inequality (4) we obtain
h˜iα(γ x)
1
κα
[−C(s)+R(s)mα + η + logd]− sik
= −ταs + 1
κα
[
R(s)mα + η + logd]− sik + sjl .
It is then clear from this expression that there is s∗  0 such that s  s∗ implies that h˜iα(γ x)−ταs.
This proves the proposition also in case (ii). 
Theorem 3.6. If s is sufficiently large, then the Γ -invariant core X(s) = Γ ·Ω(s) in the symmetric space
X is the complement of a union of countably many open horoballs:
X(s) =X − Γ ·
m⋃
i=1
⋃
α∈
Biα(s).
The centers in ∂∞X of the deleted horoballs are in one-to-one correspondence with the maximal
parabolic subgroups of G defined over Q, or, equivalently, with the vertices of the Tits building |T |
of G.
Proof. Let s∗  0 be as in Proposition 3.4 and let s  s∗. We set B(s) := ⋃mi=1⋃α∈Biα(s). Since
Ω = Ω(s)∪ (B(s)∩Ω) we get
X = Γ ·Ω = Γ · (Ω(s) ∪ (B(s)∩Ω))⊂ Γ ·Ω(s) ∪ Γ ·B(s) ⊆ X.
It thus remains to show that Γ · Ω(s) ∩ Γ · B(s) = ∅. This is equivalent to γΩ(s) ∩ B(s) = ∅ for all
γ ∈ Γ . But that claim follows from Corollary 3.5(i). The second assertion is a direct consequence of the
definitions. 
Remark 3. The horoballs which appear in Theorem 3.6 are disjoint precisely if Γ is an arithmetic
subgroup of a group G of Q-rank one.
In the next section we shall investigate the boundary of V (s) (respectively X(s)) in more detail. We
will need the following Lemma about the horospheres defined by the Busemann functions hα , α ∈ 
(see Section 2). We remark that the horocyclic coordinate map µP−{α} (see Section 1) associated to
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diffeomorphic to the product of the symmetric space Z−{α} = M−{α}/(K ∩M−{α}) and the unipotent
group U−{α} (see [22, Lemma 1.3]).
Lemma 3.7. Let α,β ∈ . For β = α the intersection of the horosphere ∂Bα(t1) = {hα = t1} with the
(open) horoball Bβ(t2) = {hβ < t2}, for any t1, t2 ∈ R, is diffeomorphic to the product of an open horoball
in the symmetric space Z−{α} and the unipotent group U−{α}.
Proof. Since X is homogeneous we can assume that t1 = t2 = 0. Both, the horosphere and the horoball
in question then contain the base point x0. Associated to the set  of simple Q-roots is the minimal
parabolic group P. Using the horocyclic coordinate map µP from Section 1 we obtain diffeomorphisms
X ∼= UP ×Ax0 ∼=UP × Rq, ∂Bα(0) ∼= UP × Rq−1 and Bβ(0) ∼= UP × Rq−1 × R>0.
The formulae for hα and hβ (see the proof of Lemma 3.1) show that UP · x0 ⊂ ∂Bα(0) ∩ Bβ(0). Since
U−{α} ⊂ UP we have by the above that
∂Bα(0)∩Bβ(0) ∼= (U−{α} ×Z−{α})∩Bβ(0) = U−{α} ×
(
Z−{α} ∩ Bβ(0)
)
.
The symmetric space Z−{α} is totally geodesic in X and is itself diffeomorphic to V × Rq−1, with
V a unipotent subgroup of UP such that UP = U−{α}V and where Rq−1 is a maximal flat in Z−{α}
(given as the intersection of the latter with Ax0 ∼= Rq ). Lemma 3.1 shows that the Busemann function
hβ restricted to Z−{α} is a Busemann function hβ in Z−{α} whose level sets contain V ; moreover
Z−{α} ∩ Bβ(0) = {hβ < 0}. On the flat part Rq−1 the function hβ is linear. Since gradhα ‖ Hα
and gradhβ ‖ Hβ one concludes that this part of the intersection Bβ(0) ∩ Z−{α} is diffeomorphic
to Rq−2 × R>0. The horoball {hβ < 0} in Z−{α} is thus diffeomorphic to V × Rq−2 × R>0. Since
UP =U−{α}V the lemma follows. 
4. Boundary strata of the exhausting polyhedra V (s)
In view of Theorem 3.6 the boundary ∂X(s) of X(s) (respectively ∂V (s) of V (s)) is naturally
stratified. In fact, the closure of any boundary stratum is (locally) given as the intersection of X(s) with
a finite number of horospheres in X. These intersections are not completely arbitrary but form corners
with specific combinatorics (compare the proof of Theorem 4.2 in [22]). In order to discuss the boundary
strata of V (s) we need additional global data. These can be encoded in the quotient of the Tits building
|T | modulo Γ . In fact, in Section 2 we considered, for any subset Θ ⊂ , the equivalence relation on
the set I = {1, . . . ,m} defined by
j ∼Θ l if and only if Γ qjPΘ = Γ qlPΘ
(the qi are as in Proposition 1.1). The relation ∼Θ induces a partition I (Θ) of the set I whose
components will be indexed by E = E(Θ). These components correspond bijectively to the Γ -conjugacy
classes of parabolic Q-subgroups of type Θ or, equivalently, to the (k − 1)-simplices of Γ \|T | where
k = card(−Θ).
We introduce an additional definition. Consider a symmetric space Z, a discrete, non-uniform
subgroup D of the isometry group of Z. Let Y ⊂ Z be the complement of countably many open horoballs
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locally symmetric space if D\Y is compact. As before the subset Y itself is called a core of Z.
For convenience we also recall some notation from Sections 2 and 3, which will be used in the next
proof. We fix s  0. For each Siegel Si := qiS which is part of the fundamental set Ω we have its
truncated part:
Si(s) = Si −
⋃
α∈
(Biα(s) ∩ Si) and Ω(s) =
m⋃
i=1
Si (s).
The top dimensional boundary faces of Si(s) in Si are the “horospherical” subsets Hiα(s) :=
{τ−1α h˜iα = −s} ∩ Si(s), α ∈ .
Theorem 4.1. Let n = dimX = dimV , let k  1 be the cardinality of Θ ⊆  and let E ∈ I (−Θ). Then
there is an (n− k)-dimensional (closed) boundary stratum V n−kE (s) of V (s), which is a fibre bundle over
a truncated locally symmetric space and whose fibre is a compact nilmanifold. Conversely, the closure of
any boundary stratum of V (s) is of that form. The combinatorics of the boundary strata is dual to that of
the simplicial complex Γ \|T |, i.e., there is a one-to-one correspondence between (n − k)-dimensional
boundary strata of V (s) and (k − 1)-dimensional simplices of Γ \|T |.
Remark 4. Notice that the centers in ∂∞V of the projected horoballs correspond bijectively to the vertices
of Γ \|T |. As we mentioned earlier the deleted horoballs are disjoint if and only if Γ is an arithmetic
subgroup of a group G of Q-rank one. In that case V (s) is a compact manifold with boundary. The
boundary has finitely many components each of which is a fibre bundle over a compact locally symmetric
space (see [3, §17]).
Proof. To make the ideas behind the proof more transparent we first discuss the special case of the
maximal (i.e., codimension 1) boundary strata. It is convenient to work in the universal covering space
X of V . Our aim is thus to describe the maximal boundary strata of the Γ -invariant core
X(s) =X − Γ ·
m⋃
i=1
⋃
α∈
Biα(s),
which are parts of certain horospheres in X corresponding to the vertices of |T | (see Theorem 3.6).
In view of the Γ -invariance of X(s) it suffices to consider the horoballs in
⋃m
i=1
⋃
α∈Biα(s). We fix
one of them, say Biα(s). For simplicity we denote the corresponding boundary horosphere {τ−1α h˜iα = −s}
by H(s). The closed stratum H(s) ∩X(s) of X(s) is obtained by deleting from the horosphere H(s) all
possible intersections of H(s) with the open horoballs in Γ ·⋃mj=1⋃β∈Bjβ(s). In order to determine
these horoballs we use a fundamental set Ω ⊂ X. Since X(s) = Γ · Ω(s) for the truncated fundamental
set Ω(s) =⋃mj=1Sj (s), we have Hiα(s) ⊂ H(s) ∩ X(s). From the definitions (see Section 2 and [22,
§4]) it is clear that the entire intersection H(s)∩X(s) is built up by horospherical boundary pieces of the
form
γHjβ(s) ⊂ γ ∂Bjβ(s);
and we have to find the possible γ ’s and j ’s.
The horosphere H(s) is centered at ciα(∞) and the horosphere γ ∂Bjβ(s) at γ cjβ(∞). Since H(s) ∩
X(s) is a codimension 1 stratum the condition γHjβ(s) ⊂H(s)∩X(s) implies that γ cjβ(∞) = ciα(∞).
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(5)γ cjα(∞) = ciα(∞)
is also sufficient: γHjα(s) is part of some maximal stratum of X(s) which is uniquely determined by the
center at ∂∞X of its “supporting” horosphere.
By [22, Lemma 3.2] condition (5) also implies that q−1i γ qj ∈ P−{α}, hence qiP−{α} = γ qjP−{α}
and Γ qiP−{α} = Γ qjP−{α}. In terms of the equivalence relation defined at the beginning of this section
this means that j ∼−{α} i, i.e., i and j belong to the same Γ -conjugacy class
E =E(− {α})⊂ I (− {α})
of P−{α}. This argument identifies the possible j ′s. For fixed j ∈ E we next suppose that γ qjcα and
γ˜ qj cα are both asymptotic to qicα . If we set Γ−{α} := Γ ∩ P−{α}, then by [22, Lemma 2.4] it follows
that γ˜ −1γ ∈ qjΓ−{α}q−1j , i.e., γ = γ˜ γ¯ with γ¯ ∈ qjΓ−{α}q−1j . On the other hand, if γ is of this form,
then γ qjcα(∞) = γ˜ γ¯ qj cα(∞) = γ˜ qj cα(∞) = qicα(∞). For every j ∈ E we choose an element γj
satisfying (5). Then the set of all γ ∈ Γ which satisfy condition (5) is given by⋃
j∈E
γjqjΓ−{α}q−1j .
In conclusion of the discussion so far we can write
(6)H(s)∩X(s) =
⋃
j∈E(−{α})
γjqjΓ−{α}q−1j ·Hjα(s).
The horospherical set Hjα(s) in turn can be constructed by removing from the horosphere ∂Bjα(s) the
intersections with the open horoballs Bjβ(s) for all β ∈ − {α}. We thus can rewrite (6) as
(7)H(s)∩X(s) =H(s)−
⋃
j∈E(−{α})
γjqjΓ−{α}q−1j ·
⋃
β∈−{α}
Bjβ(s) ∩ ∂Bjα(s).
We next observe that
(8)γjqjΓ−{α}q−1j γ −1j = qiΓ−{α}q−1i .
In fact, qjΓ−{α}q−1j (respectively qiΓ−{α}q−1i ) is the isotropy group in Γ of cjα(∞) (respectively
ciα(∞)) and hence (8) follows from the assumption that γjcjα(∞)= ciα(∞).
Inserting (8) in (7) we eventually get a qiΓ−{α}q−1i -invariant decomposition analogous to the one
stated in Theorem 3.6:
H(s)∩X(s) =H(s)−
⋃
β∈−{α}
⋃
j∈E(−{α})
qiΓ−{α}q−1i γj ·Bjβ(s) ∩H(s)
(9)=H(s)− qiΓ−{α}q−1i ·
⋃
β∈−{α}
⋃
j∈E(−{α})
γjBjβ(s) ∩H(s).
Using the horocyclic coordinate map µP−{α} (see Section 1) associated to the maximal parabolic
subgroup P−{α} = M−{α}A−{α}U−{α} one shows that the horosphere H(s) = {τ−1α h˜iα = −s} is
diffeomorphic to the product of the symmetric space qiZ−{α} = qiM−{α}q−1i /qi(K ∩ M−{α})q−1i and
the unipotent group qiU−{α}q−1i (see [22, Lemma 1.3]). We further have, for j ∈ E( − {α}), β ∈
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γjBjβ(s)∩H(s) = γjBjβ(s) ∩ ∂Biα(s) = γj
(Bjβ(s)∩ ∂Bjα(s)).
By Lemma 3.7 this intersection is diffeomorphic to the product of a horoball in qiZ−{α} and the
group qiU−{α}q−1i . Notice that qiΓ−{α}q
−1
i is contained in qiM−{α}U−{α}q
−1
i and hence leaves H(s)
invariant (see [7, Proposition 1.2] respectively [22, Lemma 1.3]). In conclusion equality (9) can be written
in a more concise form as
(10)H(s)∩X(s) = qiZ−{α}(s)× qiU−{α}q−1i .
We next wish to descend from X to V using formula (10). It is well-known that the (arithmetic) group
Γ−{α} is a lattice in M−{α}U−{α}. If we denote the projection of Γ−{α} to M−{α} by ΓM and if we
set ΓU := Γ ∩ U−{α}, then we have a semi-direct product Γ−{α} = ΓMΓU . The group ΓM acts freely
on Z−{α} × U−{α} (by left translation on the first factor and by conjugation on the second) and ΓU is
cocompact in U−{α}.
Taking quotients on both sides of (10) under qiΓ−{α}q−1i we obtain by definition the boundary stratum
V n−1E(−{α})(s) = qiΓ−{α}q−1i \
(
qiZ−{α}(s)× qiU−{α}q−1i
)
.
This is the total space of the associated bundle
qiZ−{α}(s)×qiΓMq−1i qiΓUq
−1
i \qiU−{α}q−1i
and we have a fibration
0 → qiΓUq−1i \qiU−{α}q−1i → V n−1E(−{α})(s) → qiΓMq−1i \qiZ−{α}(s) → 0.
By construction qiZ−{α}(s) is closed in the symmetric space qiZ−{α} and qiΓMq−1i -invariant. Its
quotient qiΓMq−1i \qiZ−{α}(s) is closed in V (s) and thus compact. This eventually proves the assertion
of the theorem for the maximal boundary strata.
The proof for the boundary strata of codimension  2 follows exactly the same line of arguments. We
omit the details since one only has to replace the single horosphere {τ−1α h˜iα = −s} by finite intersections
of the form⋂
α∈Θ
{τ−1α h˜iα = −s}
(and accordingly the parabolic group P−{α} by P−Θ =⋂α∈Θ P−α).
The assertion about the quotient of the Tits building follows directly from the above discussion and
the definitions. 
In applications (see [23] for instance) it is useful to have a somewhat more explicit expression for the
strata V n−kE (s). For any nonempty subset Θ ⊆ we set
HiΘ(s) :=
⋂
α∈Θ
Hiα(s) ⊂ Si(s).
Formulae (6), (8) and (10) in the proof of Theorem 4.1 then imply the
E. Leuzinger / Differential Geometry and its Applications 20 (2004) 293–318 309Corollary 4.2. Let n = dimX = dimV , let k be the cardinality of Θ and let E ∈ I ( − Θ). Then the
(n − k)-dimensional boundary polyhedron V n−kE (s) of V (s) can be written as π(
⋃
i∈EHiΘ(s)), where
π :X → V is the canonical projection.
We conclude this section with an observation that will be needed later. Consider an exhaustion
V =⋃s0 V (s) of V as in Proposition 2.2. Fix a polyhedron V (s) and let Θ ⊂ . As we have seen
in Theorem 4.1 each boundary stratum VE(s),E ∈ I (−Θ), of V (s) is a fibre bundle with base space
qiΓMq
−1
i \qiZ−Θ(s). Here qiZ−Θ(s) is a core in a totally geodesic submanifold of X isometric to
Z−Θ = M−Θ/K ∩M−Θ . Further ΓM is the projection to M−Θ of a lattice in M−ΘU−Θ .
The cores qiZ−Θ(s), s  0, are disjoint in X. In order to compare them we move them via
suitable transvections to the “reference manifold” Z−Θ based at x0. More precisely, one can choose
(compare, e.g., Corollary 4.2) the base points of the cores qiZ−Θ(s) in X to be of the form x(s) =
qiaE exp(s
∑
α∈Θ aαHα)x0, where aE ∈ A, aα > 0 and where Hα is the unit vector on the edge of a+
given by β(Hα) = 0 for all β ∈  − {α} (see [22, §1]). Using the transvections τ−1x(s), s  0, we obtain
a family of isometric copies of cores τ−1x(s)qiZ−Θ(s) of Z−Θ (based at x0). Notice that the isometries
τ−1x(s) commute with the elements of qiΓMq
−1
i .
Lemma 4.3. Let Θ ⊂ . For each index E ⊂ I ( − Θ), the truncated locally symmetric spaces
Z′−Θ(s) := π(τ−1x(s)qiZ−Θ(s)) in the locally symmetric space Z′−Θ := ΓM\Z−Θ exhaust Z′−Θ .
Proof. In view of Corollary 4.2 we have to show that for s1 < s2
(∗)τ−1x(s1)
(⋃
i∈E
HiΘ(s1)
)
⊂ τ−1x(s2)
(⋃
i∈E
HiΘ(s2)
)
.
For every α ∈ Θ we have by definition
HiΘ(s) :=
⋂
α∈Θ
Hiα(s) ⊂ Si(s),
where Si (s) is a truncated Siegel set. In view of the invariance properties of the Busemann functions hα
it suffices to study truncated Q-Weyl chambers (compare the proof of Lemma 4.1 in [22]). The Siegel set
Si ⊂ X contains a Q-Weyl chamber of the form
qiC = qi exp
{
H ∈ a | α(H) τ for all α ∈ } · x0
(for some constant τ , see Sections 1 and 2). The reductive group M−Θ is also defined over Q.
A maximal abelian subspace corresponding to M−Θ is given by the orthogonal complement a⊥Θ of
aΘ := span{Hα | α ∈ Θ} in a. Moreover a basis of the associated system of Q-roots is given by −Θ .
For s  0 we set H(s) := s∑α∈Θ aαHα (see the remarks preceding the statement of Lemma 4.3) and
define the affine subspaces
a⊥Θ(s) := H(s)+ a⊥Θ.
Put
aΘ(s) :=
{
H ∈ a⊥Θ(s) | α(H) η for all α ∈ −Θ; 〈Hβ,H 〉 sτβ for all β ∈ Θ
}
,
where the constants τβ are given by the Busemann functions h˜iβ (see Section 2).
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by qiaE expaΘ(s) · x0. From the definitions it is clear that for s1 < s2
−H(s1)+ aΘ(s1)⊂ −H(s2)+ aΘ(s2).
By the invariance properties of the Busemann functions h˜iα this means that for all i ∈ E
τ−1x(s1)HiΘ(s1) ⊂ τ−1x(s2)HiΘ(s2),
which eventually yields (∗). 
5. Polyhedral retracts and compactifications
In Section 2 we described an exhaustion of a locally symmetric space V = Γ \X by Riemannian
polyhedra V (s) (the Riemannian metric is the one induced from V ). Our goal in this section is first to
show that each V (s), s  0, is a strong deformation retract of V and, secondly, that V is homeomorphic
to the interior of any V (s). Retractions equivalent to those in Theorem 5.2 below were independently
constructed by L. Saper in [29], where it is moreover proved that these retractions have (almost) finite
energy.
We have V (s) = π(X(s)) = Γ \X(s) where X(s) = Γ · Ω(s) ⊂ X is a submanifold with corners
of X (see Section 2). According to [22, §4] and Theorem 3.6 above the boundary of X(s) consists
of pieces of intersections of certain horospheres of X. The structure of the corners can be described
using the (inner) unit normals of the involved horospheres (compare also [22, Lemma 4.1(iv)]). Any
of the horospheres we are considering can be written as γ {τ−1α h˜iα = −s} with γ ∈ Γ , i ∈ {1, . . . ,m}
and α ∈  (see Theorem 3.6). The inner unit normal field of the horosphere {τ−1α h˜iα = −s} in X is
given by Ziα := −grad h˜iα (see [19, Proposition 3.1]). Let p be a point of V (s). The outer angle O(p)
at p is defined as the closed set of all unit tangent vectors v ∈ TpV (s) such that 〈v,w〉p  0 for all
w in the tangent cone of V (s) at p. Let Θ be a subset of . Assume that (exactly) the horospheres
{τ−1α h˜iα = −s} ⊂ X, α ∈ Θ , intersect and let pˆ ∈ X be a point in this intersection. Then the outer angle
O(p) at p = π(pˆ) can be identified with the closed spherical simplex given by the set of all non-negative
linear combinations of norm 1 of the unit vectors Ziα(pˆ), α ∈ Θ . The outer cone CO(p) is the Euclidean
cone in TpV with vertex 0 and basis O(p). When lifted to X (via the local isometry π :X → V ) the
outer angle O(p) is a closed spherical simplex bounded by great spheres in the (k − 1)-dimensional unit
sphere of the normal space of
⋂
α∈Θ{τ−1α h˜iα = −s} where k is the cardinality of Θ .
Notice that by Corollary 3.5(iii) the outer angle O(p), for p ∈ ∂V (s), consists of initial vectors of
geodesic rays in V and thus is isomorphic to a simplex of Γ \|T | (compare Proposition 2.1).
Lemma 5.1. Let s  s∗ with s∗ as in Proposition 3.4. The complement of the interior intV (s) of V (s) in
V can be written as a disjoint union of images of outer cones under Riemannian exponential maps:
V − intV (s) =
∐
p∈∂V (s)
Expp CO(p).
Proof. The idea is to reduce the lemma to a well-known fact about “obtuse” simplicial cones and their
outer normal in Euclidean space.
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the closed spherical simplex O(π(p)) is of type Θ ⊂ . Its lift to X can be written as a disjoint
union O(p) =∐σ⊆Θ Oσ (p) where Oσ(p) denotes the open subsimplex defined by the positive linear
combinations of norm 1 of the unit vectors Ziα(p), α ∈ σ . Consequently, setting CO∅(p) := p, we have
a partition:
(11)CO(p)=
∐
σ⊆Θ
COσ (p).
We next reduce the assertion of the lemma to an assertion about Weyl chambers in a flat of X. We have
V = π(Ω) (respectively V (s) = π(Ω(s))) for a fundamental set Ω =⋃mi=1 Si of Γ (respectively its
truncated part Ω(s) =⋃mi=1Si (s) obtained from Ω by removing suitable horoballs in X) (see Section 2).
Since X(s) is Γ -invariant we can work with X(s) instead of V (s). By definition Si = qiS = qiωC, where
ω is relatively compact in UPMP (see Section 1). Thus Si(s) = qiωC(s) and taking the Γ -invariance of
the construction into account our claim reduces to the following assertion:
(12)qivC − intqivC(s) =
∐
pˆ∈∂qivC(s)
Exppˆ CO(pˆ), v ∈ ω, i = 1, . . . ,m.
The Weyl chamber qivC is contained in the flat qivA · x0 = qiv expa · x0. By Corollary 3.5(iii) the
outer cones CO(pˆ), pˆ ∈ ∂qivC(s), consist of geodesic rays in X which project to geodesic rays in V .
Moreover these cones are also contained in qivA · x0 and are spanned by gradients of certain Busemann
functions. Since qiv is an isometry of X assertion (11) is thus essentially a statement about specific cones
in Euclidean space. To state this more precisely let α ∈  be a simple Q-root considered as a linear
functional on a. Define α∗ ∈ a by β(α∗) = δαβ = dβ〈Hβ,α∗〉, dβ > 0 for all β ∈  (see Sections 1 and 2).
Notice that we have 〈α∗, β∗〉 0 for all α,β ∈ . Furthermore
(13)logC(s) ∼= logC(0) ∼=
{∑
α∈
yαα
∗ | yα  0
}
;
and for σ ⊂  and pˆ ∈ ∂C(0)
COσ (pˆ)∼=
{∑
α∈σ
xαHα | xα > 0
}
.
It remains to verify the general fact that the cones CO(pˆ), pˆ ∈ ∂C(0), cover the complement of the
interior of logC(0) in the Euclidean space a and that they are disjoint. For the first claim consider
H ∈ a − int logC(0). By Lemma 6.11 in [9] there is a unique subset Θ ⊆  such that
H =
∑
α∈−Θ
yαα
∗ +
∑
α∈Θ
xαHα, yα  0, xα > 0.
Since by our assumption on H there is at least one index α with yα = 0, the vector H1 :=∑α∈−Θ yαα∗
belongs to ∂ logC(0), i.e., H ∈ COΘ(H1) ⊂ CO(H1). Moreover H1 (and H −H1) in the above formula
is unique since {α∗ | α ∈  − Θ} ∪ {Hα | α ∈ Θ} is a basis of a. Together with the partition (11) this
proves that the cones CO(H),H ∈ ∂ logC(0) are indeed disjoint. Using (13), logC ⊂ a and that qiv is an
isometry we obtain (12). By the Γ -invariance of the truncation of the fundamental set (see [22, §4]) the
decomposition (12) first extends to X(s) ⊂ X and then descends to V (s) ⊂ V . 
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of V given by a continuous, piecewise real analytic retraction rs :V → V (s). Moreover, for each such
s , X(s) is contractible and thus the universal covering space of the polyhedra V (s) = Γ \X(s); the
fundamental group of V (s) is isomorphic to Γ .
Proof. Assume that s  s∗ with s∗ as in Proposition 3.4. By Lemma 5.1 we have a decomposition of the
complement of the interior intV (s) of V (s) in V into disjoint cones
V − intV (s) =
∐
p∈∂V (s)
Expp CO(p).
We define a map rs :V → V (s) as follows. For q ∈ V (s) we set rs(q) := q and for q ∈ V − intV (s) we set
rs(q) := p where p is the unique point p ∈ ∂V (s) such that q = Expp u with u ∈ CO(p). Geometrically
rs retracts each “geodesic cone” Expp CO(p) in V onto its vertex p ∈ ∂V (s) (which is the unique point
in V (s) closest to q). By the above decomposition a retracting homotopy ϕt , t ∈ [0,1], from idV to rs is
explicitly given by
ϕt
(
Expp(v)
)= Expp((1 − t)v) for v ∈ V − intV (s)ϕt (q)
= q for q ∈ intV (s).
That rs and ϕt are continuous follows from (1) in the proof of Lemma 5.1. By construction rs lifts
to a Γ -invariant retraction rˆs :X → X(s). The restriction of rˆs to the truncated fundamental set Ω(s)
(respectively the to the truncated chambers qiC∗(s)) is clearly piecewise real analytic. By Γ -invariance
this then holds for rˆs on X(s) = Γ ·Ω(s) and then for rs on V (s) = Γ \X(s).
Finally note that X is a simply connected Riemannian manifold of nonpositive curvature and thus
contractible by the theorem of Hadamard–Cartan. Hence by the above X(s) is also contractible. Since
we have V (s) = π(Ω(s)) = Γ \ΓΩ(s) = Γ \X(s) and since Γ is torsion-free Γ ∼= π1(V (s)). 
The retractions produced in Theorem 5.2 show that every polyhedron V (s) is homotopy equivalent
to the locally symmetric space V . This is used in [23] where a new simplified proof of the Gauss–
Bonnet–Harder formula for V is presented. As another application we obtain exponential upper bounds
for isoperimetric inequalities of arithmetic groups announced by M. Gromov (see [16]). To that end we
first observe that Corollary 2.3 implies the well-known fact that the (fundamental) group Γ is finitely
presentable (see [28, 13.14]). One can thus define a left-invariant word metric on Γ by choosing a finite
set of generators. The core X(s) is given the path metric from the Riemannian metric induced from X
(as opposed to the metric induced from the path metric of X).
Theorem 5.3. The Γ -invariant core X(s) is quasi-isometric to the lattice Γ .
Proof. From Proposition 2.2 it follows that Γ acts properly and co-compactly on the manifold with
corners X(s). By the (generalized) Hopf–Rinow theorem X(s) with the above interior metric is a
geodesic space (see [1, I.2.4]). The claim thus follows from [12, 3.19]. 
Remark 5. A recent result of A. Lubotzky, S. Mozes and M.S. Raghunathan asserts that the map
Γ → X = G/K;γ → γ · x0 is a quasi-isometry onto its image (see [25]).
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isometry invariants of the core X(s) in X. In particular the k-dimensional filling-volume function of Γ
is the same as that of X(s). The latter generalizes Dehn-functions (where k = 2) and relates the (k − 1)-
volumes of the (k − 1)-spheres in X(s) to the k-volumes of k-balls. More precisely, given a (k − 1)-
sphere S in a (say contractible) Riemannian manifold M we define the k-dimensional filling-volume of
S as
FV(S) := inf{volk(B) | B = k-ball in M with ∂B = S}.
The associated k-dimensional filling-volume function of M , FVk :N → R, is then defined as
FVk(l) := sup
{
FV(S) | S = (k − 1)-sphere in M with vol(k−1) (S) l
}
.
For generalizations and a detailed discussion we refer to [16, §3].
Corollary 5.4 (Gromov). The filling-volume functions of irreducible lattices in semi-simple Lie groups
of R-rank  2 have exponential upper bounds in all dimensions.
Proof. The retraction rs :V → V (s) of Theorem 5.2 lifts to a Γ -invariant retraction rˆs :X → X(s). We
consider a (k − 1)-sphere S (or, more generally, a (k − 1)-chain σ ) in X(s). Since X is diffeomorphic
to Rn we can fill in S by a k-ball B (respectively σ by a k-cycle c) in X. Applying the retraction rˆs to
B (respectively c) yields a filling of S (respectively σ ) in X(s). The well-known fact that geodesic rays
in a symmetric space of noncompact type diverge at most exponentially implies that rˆs is exponentially
Lipschitz (in the sense of [16, 3.F]). The k-dimensional filling-volume function in X satisfies
FVk(l) c1lk/(k−1)
for some constant c1 > 0 (see [16, 5.D]). The preceding remarks thus imply that for the filling-volume
function in X(s) one has
FVk(l) c2 exp c3l
for certain positive constants c2 and c3. 
Remark 6. In some cases the filling functions are actually strictly exponential, i.e., there are also
exponential lower bounds (see [26] for the case of Dehn functions of lattices in semisimple Lie groups
of real rank 2).
The retractions in Theorem 5.2 produce (only) homotopy equivalences between V and the polyhedra
V (s). The following theorem supplements this result.
Theorem 5.5. For every sufficiently large s the locally symmetric space V is homeomorphic to the
interior of the polyhedron V (s), which thus in particular provides a compactification of V .
Proof. Fix s0 > s∗  0 and consider the retraction rs0 :V → V (s0) defined in the proof of Theorem 5.2,
i.e., rs0 retracts V along those geodesic rays of V which form the outer cones of V (s0). Choose level
sets ∂V (s1), ∂V (s2) with s2 > s1 > s0. Each “retracting ray” Expp(tv),p ∈ ∂V (s0) (see Lemma 5.1),
intersects ∂V (si), i = 1,2, in precisely one point respectively. To see this we can assume that p is
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ray in Si . From the explicit local form of the exhaustion function (and its level sets) in a fundamental set
of Γ in X, as given at the beginning of the proof of Theorem 4.2 in [22], it is clear that such a ray (in X)
intersects each level set ∂X(si) in exactly one point. As a consequence there are bijections
V − intV (s1) ∼= [s1,∞)× ∂V (s1) and intV (s2)− intV (s1) ∼= [s1, s2)× ∂V (s1).
The local property that these bijections (and their inverses) are continuous follows again from the explicit
local form of the exhaustion function and from the continuity of rs0 respectively the homotopy ϕt (see
the proof of Theorem 5.2).
Choosing a homeomorphism [s1,∞) ∼= [s1, s2) which is equal to the identity near s1 we obtain
homeomorphisms
V − intV (s1) ∼ [s1,∞)× ∂V (s1) ∼ [s1, s2)× ∂V (s1) ∼ intV (s2)− intV (s1)
and eventually V ∼ intV (s2), which proves the assertion. 
6. On the relation with Borel–Serre compactifications
In [7] A. Borel and J.-P. Serre created a compactification of a locally symmetric space V as a manifold
with corners by adjoining a finite number of boundary strata. On the other hand, by Theorem 5.5 above,
the exhaustion of V by the polyhedra V (s) produces a nested family of compactifications each one
obtained by “truncating” V . One purpose of the present section is to clarify the relation between these
two different ways of compactifying a locally symmetric space V .
We begin by briefly recalling the construction of the Borel–Serre compactification (see [7] for details).
Let P be the set of all parabolic subgroups of G defined over Q. In Section 1 we defined for every P ∈ P
the “horocyclic coordinate map”
µP :YP =UP ×ZP ×AP → X;
(
u, τP(m), a
) → uma · x0.
Set
e(P) := UP ×ZP, e(G) := X.
We recall that in general ZP = MP/(K ∩MP) is the product of a symmetric space of noncompact type by
a flat Euclidean factor. If P is maximal parabolic the component e(P) is isometric to a horosphere in X
(see [22, Lemma 1.3]). The symmetric space X is now enlarged into a manifold with corners XBS which
is defined as the disjoint union
XBS :=
∐{
e(P) | P ∈ P}
endowed with a suitable topology. For a fixed P ∈ P the set of all e(Q) with Q ⊃ P are arranged into
a corner X(P) which is isomorphic to Rk0 × Rn−k where n = dimX and k = dimAP. We remark that
∂XBS is homotopy equivalent to the Tits building |T | associated to G (see [7, 8.4]). Borel and Serre show
that the arithmetic group Γ acts properly and freely on XBS and with compact quotient. The boundary of
V BS := Γ \XBS consists of a finite number of strata e′(P ) := Γ ∩P\e(P) one for each Γ -conjugacy class
of (proper) rational parabolic subgroups of G. Every stratum e′(P) is fibred over an arithmetic quotient of
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0 → Γ ∩UP\UP → e′(P ) → ΓM\ZP → 0
where ΓM is the projection of Γ ∩P into MP (see Section 1 for the notation and compare also the proof of
Theorem 4.1). A more detailed exposition of the Borel–Serre compactification can be found in [13, §7].
The next theorem relates our construction to the Borel–Serre compactification of the locally symmetric
space V .
Theorem 6.1. For every sufficiently large s the polyhedron V (s) is the complement in V of an open
neighbourhood of the boundary of the Borel–Serre compactification V BS of V .
Proof. Let s∗ be as in Proposition 3.4 and s  s∗. Let Pm denote the set of all maximal parabolic
Q-subgroups of G. By definition we have V (s) = Γ \X(s). From Theorem 3.6 we know that the Γ -
invariant core X(s) can be written as X − Γ ·⋃mi=1⋃α∈Biα(s). For simplicity we denote the union of
open horoballs
⋃m
i=1
⋃
α∈Biα(s) by B(s). It suffices to show that Γ · B(s) is an open neighbourhood
of ∂XBS. To see this we use so-called distinguished neighbourhoods Ux0,Q,t as defined in [7, 10.1] for
(maximal) rational parabolic subgroups Q = Q ∩ G, the base point x0 ∈ X and t ∈ R>0; notice that
AQ ∼= R>0 for Q ∈Pm. Set P := qiP−{α}q−1i ∈Pm. It follows from the definition that there is a constant
s˜ such that the open horoball Biα(s) is isomorphic to the interior of the distinguished neighbourhood
Ux0,P ,s˜ = Ux0,P ,s˜ ∩X associated to P = P∩G. According to [7, 8.4.1] there is a locally finite closed cover
∂XBS =⋃Q∈Pm e(Q). By definition Ux0,Q,s˜ (respectively its interior intUx0,Q,s˜) is a closed (respectively
open) neighbourhood of e(Q) in XBS. Hence O :=⋃Q∈Pm intUx0,Q,s˜ is an open neighbourhood of ∂XBS
in XBS. Furthermore, as X is open in XBS, we have
O ∩X =
⋃
Q∈Pm
(intUx0,Q,s˜ ∩X) =
⋃
Q∈Pm
int(Ux0,Q,s˜ ∩X) =
⋃
Q∈Pm
intUx0,Q,s˜ .
Since every Q ∈ Pm is of the form γ qiP−{α}q−1i γ −1 for some γ ∈ Γ , i ∈ {1, . . . ,m} and α ∈  (see
Section 2) we can write
Γ ·B(s) = Γ ·
m⋃
i=1
⋃
α∈
Biα(s) =
⋃
Q∈Pm
intUx0,Q,s˜.
Finally, the proof of Theorem 5.5 shows that (for large s) V − V (s) (respectively X −X(s) = Γ ·B(s))
is homeomorphic to R>0 × ∂V (s) (respectively R>0 × ∂X(s)), which completes the proof. 
Theorem 6.1 is purely topological. A sharper, geometric statement can be obtained if we take also the
Riemannian metric on V into account. We first describe a variant of the Borel–Serre compactification,
the so-called reductive Borel–Serre compactification V RBS of V , which was first considered by S. Zucker
(see [34, 4.1] and also [13, §8]). It is obtained by “collapsing” the compact nilmanifolds in the boundary
strata e′(P) of V BS to points. To be explicit we set
eˆ(P) := ZP, eˆ(G) := X and XRBS :=
∐{
eˆ(P) | P ∈P}.
The lattice Γ acts properly and freely also on XRBS with compact quotient
V RBS := Γ \XRBS ∼=
∐{
eˆ′(P) | P ∈ Γ \P}.
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space (of finite volume) with a flat torus.
While the entire compactified space V RBS seems not to carry a natural metric, the individual boundary
strata eˆ′(P) are Riemannian manifolds endowed with the induced metrics. On the other hand the truncated
spaces V (s) ⊂ V are Riemannian polyhedra with a natural Riemannian structure induced by the one of V .
We wish to study the behaviour of these polyhedra V (s) for s → ∞, or, more precisely, their Gromov–
Hausdorff limits (see [11] and [15] for the definition). The boundary strata V n−kE (s) of V (s) are compact
manifolds with corners. In order to determine their Gromov–Hausdorff limits it is comfortable to mark
certain base points. To that end we take s∗ as in Proposition 3.4. For every boundary stratum V n−kE (s∗) of
V (s∗) we choose an (interior) point pE . The set at infinity
ExppE CO(pE)(∞) ⊂ ∂∞V
corresponds to a (unique) simplex of Γ \|T |. In fact, by the discussion in Section 5 the outer angle O(pE)
at pE is canonically isomorphic to the simplex σE := (Q−Θ) of Γ \|T | where E = E(Θ). We next
consider the first barycentric subdivision of the finite simplicial complex Γ \|T |. Let cE : [0,∞) → V
be the unique (unit-speed) geodesic ray with initial point cE(0) = pE and whose endpoint cE(∞) is the
barycenter of σE . (Alternatively one could choose the initial vector c˙E(0) of cE as the barycenter of the
outer angle O(pE).) We denote by cE(s) the intersection point of the ray cE with ∂V (s). Finally notice
that π(x0) is a natural basepoint for the stratum eˆ′(P) via π ◦ µP. We then have the following (partial)
result.
Theorem 6.2. The Gromov–Hausdorff limits, for s → ∞, of the various pointed strata of the Riemannian
polyhedra V (s) are isometric to the (pointed) strata of the reductive Borel–Serre compactification of the
locally symmetric space V = Γ \X, i.e.,
→
s
∞ →H- lim(V n−kE (s), cE(s))∼= (eˆ′(Q),π(x0)),
where Q is a parabolic Q-subgroup corresponding to E = E(Θ).
Proof. For any s we translate V n−kE (s) back to pE = cE(0) using the transvections along the geodesic
ray cE . To be explicit we remark that, according to Theorem 4.1 and its proof, there is a parabolic
Q-subgroup Q such that V n−kE (s) is isometric to a fibre bundle over the truncated locally symmetric
space ΓM\ZQ(s) with the compact nilmanifold ΓU\UQ as fibre. Under this (isometric) identification the
geodesic ray cE corresponds to the orbit of a one-parameter subgroup aE which centralizes MQ and
normalizes UQ. If we apply the transvection τaE(s) to the stratum
V n−kE (s) ∼= ZQ(s)×ΓM ΓU\UQ
we find
τ−1aE(s)
(
ZQ(s)×ΓM ΓU\UQ
)= ZQ(s)×ΓM (aE(s)−1ΓUaE(s)\aE(s)−1UQaE(s)).
By Lemma 4.3 the cores ZQ(s), s  0, exhaust ZQ. If we let s go to infinity the base manifolds
ΓM\ZQ(s) thus converge in the Hausdorff sense to the locally symmetric space ΓM\ZQ. On the other
hand Lemma 1.2 in [22] yields
lim aE(s)−1UQaE(s) = e,
s→∞
E. Leuzinger / Differential Geometry and its Applications 20 (2004) 293–318 317i.e., the fibres collapse to points. The claim now follows from the definition of Hausdorff convergence of
pointed metric spaces (see [15, 3.14]). 
Remark 7. It is likely that the (pointed) Gromov–Hausdorff limit of V (s) for s going to infinity is
isomorphic to the reductive Borel–Serre compactification of V .
Remark 8. The relations between the various boundaries of V considered above have been studied by
L. Ji and R. MacPherson (see [20]). They showed that there are canonical projections
∂V BS
π1→ ∂V RBS π2→ ∂∞V ∼= Γ \|T |,
which can be defined in terms of equivalence relations among (unit-speed) geodesic rays in V . More
precisely, there firstly is a bijection between all geodesic rays in V and the points of ∂V BS. Secondly, the
projection π1 identifies strictly asymptotic geodesic rays, i.e., corresponds to the equivalence relation
c1 ∼1 c2 :⇔ lim
t→∞dV
(
c1(t), c2(t)
)= 0.
Thirdly, π2 identifies asymptotic geodesic rays (which amounts to the very definition of ∂∞V ):
c1 ∼2 c2 :⇔ lim
t→∞dV
(
c1(t), c2(t)
)
<∞.
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